A permutation graph is a simple graph associated with a permutation. Let c n be the number of connected permutation graphs on n vertices. Then the sequence {c n } satisfies an interesting recurrence relation such that it provides partitions of n! as n! = n k=1 c k · (n − k)!. We also see that, if uniformly chosen at random, asymptotically almost all permutation graphs are connected.
Introduction
Permutation graphs were first introduced in 1967 by Chartrand and Harary [2] . Such a permutation graph was defined as a graph formed from two copies of a graph G by adding the edges joining all the vertices of one copy to those of the other, matched by the permutation. In 1971, Pnueli et al. [6] made a different definition of permutation graphs from the above. They defined a permutation graph as a simple graph on n vertices, say [n] := {1, 2, . . . , n}, which is isomorphic to the graph G on vertices [n], associated with a given permutation = (1) (2) · · · (n) by joining a pair of vertices i and j if (i − j)( (i) − (j )) < 0. We, in this paper, use a permutation graph as G itself, that is, a labelled simple graph on [n] associated with . Such a labelled simple graph G associated with permutation is often described as the graph of inversions in a permutation, called the inversion graph of permutation [5] . Even it is considered as an intersection graph of a matching diagram of .
Our permutation graphs are one-to-one correspondent to permutations on n letters, say [n] . So, there exist exactly n! permutation graphs on n vertices, meanwhile there are 2 ( n 2 ) labelled graphs on n vertices. It is natural to ask which graph is a permutation graph, which ones among permutation graphs are connected, and how many connected permutation graphs there are.
There are only a few algorithms known for the identification of permutation graphs [4, 5] . Though even so, permutation graphs are so special that we may have a rather easy clarification for permutation graphs to be connected. Guruswami [3] count the number of cographs and connected cographs using generating functions. It is known that a cograph, i.e., P 4 -free graph, is a permutation graph, but, in general, a permutation graph is not a cograph. We here find a recurrence relation for the number of connected permutation graphs, which is combinatorially interesting and provides a special type of partitions of n! in terms of k! for 0 k n − 1.
Let c n be the number of connected permutation graphs on n vertices, [n] = {1, 2, . . . , n}. Then the sequence {c n } satisfies c n+1 = n k=1 k(n − k)! · c k from which we know n! = n k=1 c k · (n − k)!. The latter can be written as n! = n i ∈ c i using compositions of n. The asymptotic behavior of {c n } is also found, and so, if uniformly chosen at random, asymptotically almost all permutation graphs are connected.
Permutation graphs
A permutation on n letters, say [n] := {1, 2, . . . , n}, is defined as a bijection on [n] onto itself, denoted by =
··· ··· n (n) . We simply write this as = (1) (2) · · · (n) and denote the set of all permutations by S n .
Definition. Given a permutation
The graph is called the permutation graph associated with and denoted by G .
For example, if = 23154 ∈ S 5 , then G = (V , E), where V = {1, 2, 3, 4, 5} and E = {(1, 2), (1, 3), (4, 5)}. The empty graph n and the complete graph K n on n vertices are permutation graphs; n =G where =id=12 · · · (n−1)n and K n = G where = n(n − 1) · · · 21. It is clear that G for any ∈ S n is a simple graph.
The edge set of a permutation graph is more intuitively conceived from a given permutation. For a permutation ∈ S n given, the edge set of the permutation graph G is E = {{ (i), (j )}| i < j and (i) > (j )}. However, for our convenience, we write the edges of the form
Notice that an inversion [7] of a permutation = (1) (2) · · · (n) is a pair of letters ( (i), (j )) with i < j and (i) > (j ). So, the set of inversions of ∈ S n can be regarded as, in fact, the edge set of the associated permutation graph G . In this sense, a permutation graph G is often said the inversion graph of a permutation . The cardinality of the set { (i) ∈ [n]|i < j, (i) > (j )} is called the number of inversions of (j ) in , denoted by inv( (j )).
Proposition 2.1. For a permutation graph
From the definition of permutation graphs, it is clear that the degree of vertex (i) in G is the cardinality of the set
Comparing Proposition 2.1 to the well-known identity 2|E| = n i=1 deg(i), each edge (i, j ) in G with i < j (and so −1 (i) > −1 (j )) is counted once by inv(j ), though it is counted twice in the degree sum, once in deg(i) and once in deg(j ). (2, 6) , (3, 4) , (3, 5) , (3, 6) , (3, 7) , (4, 5) , (4, 6) 
Proposition 2.2. The complement graphḠ of a permutation graph G is also a permutation graph. In fact,Ḡ
is in the graph G if and only if it is not in G , meaning thatḠ = G .
By the definition of permutation graphs, an edge (i, j ) with i < j is in G −1 if and only if (i) > (j ). To look at the relation between G and G −1 , notice that permutations and −1 are considered as bijections between the vertex sets of them, and so graph isomorphisms.
Proof. Notice that [n] is the vertex set of G and G −1 . Consider the permutation −1 as a graph isomorphism,
It is natural to ask which graph is a permutation graph. Only a few are known as recognizing algorithms for permutation graphs. One [5] of them uses the fact that a simple graph G is (a graph isomorphic to) a permutation graph if and only if G and its complementḠ are both comparability graphs, where a comparability graph is a graph which admits a transitive orientation of its edges. The authors [4] established another (maybe equivalent) way to determine which graph is a permutation graph in which they do not use its complement.
For a labelled graph G = (V , E) on n vertices, that is, V = [n], E stands for the edge set E = {(i, j ) : i < j, i is connected to j }. Consider the following conditions on the edges of the graph:
Proposition 2.4 (Koh and Ree [4]). A simple labelled graph G = (V , E) is a permutation graph if and only if the edge set E satisfies the two conditions (P1) and (P2).

Connected permutation graphs
We now consider connected permutation graphs. It would be natural and interesting to ask which graph is a connected permutation graph and how many such graphs there are. We start with simple observations. Lemma 3.1. Let be a permutation of [n] in which the largest number n comes ahead of 1. Then the corresponding permutation graph G is connected.
Proof. Let = 1 · · · i · · · j · · · n with i = n and j = 1 for some 1 i < j n. Then each of the vertices k with k < j is joined to the vertex 1, and each of the vertices l with l > i is joined to the vertex n in G . Also, since n comes before 1 in , vertex n is joined to vertex 1 in G . Hence, in G , all the vertices but 1 and n are connected to 1 or n, and 1 and n is connected so that G is connected.
But the converse of Lemma 3.1 is not true. For example, for permutation = 3 1 5 2 4, the corresponding permutation graph G is connected, even though 5 does not come ahead of 1 in . The edge set is E = { (1, 3), (2, 3) , (2, 5) , (4, 5)}, and this graph G is a path. Notice that the connected permutation graphs not included in Lemma 3.1 are not all paths. For = 2 5 1 4 6 3, the graph G is connected and the largest number 6 does not come ahead of 1, but G is not a path. It may be interesting to investigate the structures of connected permutation graphs not included in Lemma 3.1.
The number of connected permutation graphs mentioned in Lemma 3.1 is clearly given as n 2 (n − 2)!=n!/2. Notice that the probability that the largest number comes ahead of 1 in permutations is 1/2. Let P n be the set of permutation graphs on n vertices, C n the set of connected ones and D n the set of disconnected ones so that C n ∪ D n = P n and |P n | = n!. Also, let c n = |C n | and d n = |D n | be, respectively, the numbers of connected permutation graphs and disconnected permutation graphs on n vertices. It is then clear that c n + d n = n! for n 1. Some of c n 's and d n 's for 1 n 9 are as follows:
The number of connected permutation graphs satisfy the following recurrence relation. 
Proof. For a combinatorial interpretation of the recurrence relation, let G be a connected permutation graph on [n+1]. Now remove the vertex n + 1 and the edges incident to it from G to obtain a permutation graph G on n vertices, where is the permutation on and {k + 1, . . . , n} in G are, respectively, a connected permutation graph and a permutation graph, not necessarily connected.
To recover the connected G from G by inserting the vertex n + 1 and the edges incident to it, the number n + 1 should be inserted in any place before i k in , so in k ways. Since the number of connected components on [k] is c k and the number of the other induced graphs is (n − k)!, the number of possible different ways to recover
Note that the number of permutation graphs whose connected component containing vertex 1 is of size k is equal to c k · (n − k)!. So we obtain the following result, which can also be derived using induction argument on n in Theorem 3.4.
Since n! = c n + d n for n 1, we know from Theorem 3.5 that c 1 = 1 and so d 1 = 0. We rather write the equation in Theorem 3.5 as
which provides a partition of n! in terms of k! for 0 k n − 1 with positive multiplicities. For example,
Corollary 3.6. For n 2,
Suppose that we choose a permutation graph at random with uniform probability from P n , the set of permutation graphs on n vertices. Then we can say that it is connected with very high probability. Furthermore, the asymptotic probability that a permutation graph, uniformly chosen at random, is connected, is 1.
Proof.
where, in the second inequality, we use the unimodality of
To obtain the asymptotic probability of connected permutation graphs, we have used a trivial inequality c k < k! for k 3. We get the same conclusion with c n = n! − n−1 k=1 (n − k)! · c k , in which we better use the inequality c k > k!/2 for k 4. We may tell more about the progression of c n 's. 
Meanwhile,
From Lemma 3.3, the vertex sets V 1 , V 2 , . . . of the connected components of a disconnected permutation graph G are given in the form of V 1 = {1, 2, . . . , k}, V 2 = {k + 1, . . . , l}, . . . for 1 < k < l < · · · < n. We know that the number of connected permutation graphs on a vertex set, for example, that number on V 2 = {k + 1, . . . , l} is c l−k . Therefore, we can find the number of all the permutation graphs or disconnected permutation graphs in terms of the numbers c k 's of connected permutation graphs, depending on the sizes of the connected components.
A partition of a number n is a set of positive numbers whose sum is n, and denoted by ٛn. We call the positive numbers of the parts of and the number of its parts the length = ( ) of . We usually denote a partition as = ( 1 , 2 , . . . , ) with 1 2 · · · or = 1 w 1 2 w 2 · · · n w n , where w i is the number of the occurrences of part i in .
A composition of a number n is an ordered partition of positive numbers whose sum is n, and denoted by n. So the compositions of n are obtained by rearrangements of the partitions of n. The parts and the length of compositions are defined in the same way as those of partitions. Refer to [1, 7] for more details and theories about partitions and compositions.
For example, all the partitions and the compositions of 5 are shown as
so that the number of partitions and compositions of 5 are, respectively, 7 and 16. Let w be the number of different compositions by rearrangement of the parts i 's of a partition . For example, w (2, 2, 1) = 3!/(1!2!) = 3 for a partition (2, 2, 1) = 1 1 2 2 . So the number w for a partition = ( 1 , 2 , . . . , ) = 1 w 1 2 w 2 · · · n w n is defined by
The number of disconnected permutation graphs on five vertices with only two connected components of size 4 and 1 is given by 2c 1 c 4 , i.e., the number of two compositions, 4 + 1 and 1 + 4, times c 4 · c 1 . Proof. For a partition ٛn or ( ) 1, say = ( 1 , 2 , . . . , ), the number w c i is the number of permutation graphs on n vertices with components on vertex sets whose sizes are 1 , 2 , . . . , .
If ( ) = 1, then it means that the corresponding permutation graph is connected and that w = 1. So, we get a trivial conclusion. It is pretty natural to try to find the sequences {c n } and {d n } in closed forms and to find combinatorially meaningful properties of them. One way to do so may be to find the generating functions C(x)= It would be meaningful to combinatorially relate their two expressions.
